Abstract. We characterize the finite dimensional asymmetric normed spaces which are right bounded and the relation of this property with the natural compactness properties of the unit ball, as compactness and strong compactness. In contrast with some results found in the existing literature, we show that not all right bounded asymmetric norms have compact closed balls. We also prove that there are finite dimensional asymmetric normed spaces that satisfy that the closed unit ball is compact, but not strongly compact, closing in this way an open question on the topology of finite dimensional asymmetric normed spaces. In the positive direction, we will prove that a finite dimensional asymmetric normed space is strongly locally compact if and only if it is right bounded.
Introduction
It is well known that a normed vector space is locally compact if and only if it is finite dimensional. However, in the asymmetric case this is no longer true. In the context of asymmetric normed spaces, this matter is related to the relevant notion of right boundedness that has been widely used (see e.g. [2, 9] ; see Section §2.1 for the definition). Right bounded asymmetric normed spaces were introduced in [14, Definition 16] . In that same paper it was stated that the unitary closed ball of a right bounded asymmetric normed space is always compact ( [14, Proposition 17] ). However, we will show in Example 4.1 that -except if the constant r in the definition of right boundedness is 1-this result is not true. Therefore, it is natural to ask if it is possible to give a characterization of right boundedness for finite dimensional asymmetric normed spaces in terms of a weaker compactnesstype property: local compactness. Recall that a topological space X is locally compact iff every point x ∈ X has a local base consisting of compact neighborhoods.
The aim of this work is to solve that problem. Another relevant compactness property that can also be found in the literature -strong compactness-, and its local version will be considered. As part of our main result, we will prove that right boundedness and strong local compactness are equivalent notions in the class of asymmetric normed spaces. However, we will also show that there are finite dimensional asymmetric normed spaces of dimension 3 such that the unitary closed ball is compact and right bounded, but not strongly compact (see Example 5.1). We will also prove other equivalences related with the geometry and the topology of the asymmetric unitary closed balls.
Preliminaries
Consider a real linear space X and let R + be the set of non-negative real numbers. An asymmetric norm q on X is a function q : X → R + such that (1) q(ax) = aq(x) for every x ∈ X and a ∈ R + , (2) q(x + y) ≤ q(x) + q(y), x, y ∈ X, and (3) for every x ∈ X, if q(x) = q(−x) = 0, then x = 0.
The pair (X, q) is called an asymmetric normed linear space. An asymmetric norm defines a non-symmetric topology on X that is given by the open balls B q ε (x) := {y ∈ X : q(y − x) < ǫ}. This topology is denoted by τ q . We will denote by θ q the set of all x ∈ X such that q(x) = 0. The set θ q is a convex cone; this means that µx ∈ θ q and x + y ∈ θ q for every x, y ∈ θ q and µ ≥ 0. This set plays a fundamental role in many topological, geometric and analytic results about asymmetric normed linear spaces. In particular, (X, q) is T 1 if and only if θ q = {0}.
The following are well known results concerning the set θ q (see [14] for the proofs) that will be needed in the paper.
(O1) For any open set U ⊂ X, we always have that U = U + θ q . (O2) K ⊂ X is compact if and only if K + θ q is compact. For every asymmetric normed space (X, q) the map q s : X → R + defined by the rule q s (x) := max{q(x), q(−x)}, x ∈ X, is a norm that generates a topology stronger than the one generated by q. We will use the symbols B q ε and B q s ε to distinguish the balls of (X, q) and (X, q s ), respectively. More precisely, for every x ∈ X and ε > 0 we will use the following notations
The set B q ε [x] is called the closed ball of radius ε centered at x. However, in general this set is not closed with respect to τ q .
In order to avoid confusion, when necessary, we will say that a set is qcompact (q s -compact) if it is compact in the topology generated by q (q s ). We will use the expressions q-open and q-closed sets (q s -open and q s -closed sets) in the same way.
A subset K ⊂ X in an asymmetric normed space (X, q) is strongly qcompact (or simply, strongly compact) if and only if there exists a q s -compact set S ⊂ X such that
Every strongly compact set is q-compact, but the converse is not true (see e.g. [2, 8, 15] ). If each point of the asymmetric normed space X has a local base consisting of strongly compact sets we will say that X is strongly locally compact. Evidently, if X is strongly locally compact then it is also locally compact.
Since q(x) ≤ q s (x) for every x ∈ X, we always have the following contentions
. Addition in asymmetric normed spaces is always continuous but the scalar multiplication is not (see e.g. [7] ). However it is well-known that multiplication by non negative scalars is continuous. For the convenience of the reader, we include the proof of this result that will be used often in the paper. Proof. Let ε > 0 and (µ, x) ∈ R + × X. Then there exists δ 1 > 0 such that δ 1 q s (x) < ε/2. Since µ ≥ 0, if we define δ 2 := ε/2(µ + δ 1 ) we have that δ 2 > 0. Now take λ ≥ 0 such that |λ − µ| < δ 1 and y ∈ B q δ 2 (x). Thus
This proves the lemma.
2.1. Equivalent and right bounded asymmetric norms. Let us show some basic facts on the relation among equivalent asymmetric norms and the right boundedness property for the corresponding spaces that will be used later on. Some of the proofs are straightforward, so we will write only some hints for getting them.
Let X be a real vector space. Two asymmetric norms in X, q and p, are said to be equivalent if and only if there exist κ > 0 and λ > 0 such that
(or equivalently, if and only if λB
). Obviously, two equivalent asymmetric norms in X generate the same topology. For the proof of the next result it is enough to take into account that for equivalent q and p, q(x) = 0 if and only if p(x) = 0. An asymmetric norm q in a vector space X is said to be right bounded if and only if there exists r > 0 such that
In this case we also say that B q 1 [0] is right bounded. In the particular case when r = 1, we will simply say that q is 1-bounded. Using (1) we infer the following 
is right bounded, we can find r > 0 such that rB
For the second implication, let h > 0 be such that K ⊂ hB Proof. Let us assume that q is right bounded. Since X is finite dimensional, the norms q s and p s are equivalent. Then there exists a positive number κ such that B 
Now we can use all previous contentions and Lemma 2.2 to conclude that
Then we infer that rB
The other implication can be proven in a similar way.
2.2.
The canonical 1-bounded equivalent asymmetric norm. In [9] Conradie introduced a new asymmetric norm associated to an asymmetric normed space (X, p) in the following way. For every x ∈ X let us define
It was proven in [9] that q p : X → [0, ∞) is an asymmetric norm satisfying the following properties:
In the next lemma we prove some other fundamental properties about the norm q p that will be used later on. 
Then q p (x) = 0 and therefore x ∈ θ qp . (p6) Let x ∈ X. By property (p1), we have that q p (x) ≥ p(x) and
On the other hand, the definition of q p guarantees that
(p7) Using Remark 2.3 and properties (p3), (p5) and (p6) we get that
(p8) This is a direct consequence of Remark 2.3 and property (p3).
Convexity and compactness
In this section we will show some results relating to compactness properties of subsets of asymmetric normed spaces, mainly for convex sets. The notion of local compactness arises in a natural way in the characterizations, which are given in terms of an equivalent asymmetric norm satisfying some special properties.
It is well known that in finite dimensional normed spaces, the convex hull of a compact set is compact. In the following lemma we show the asymmetric version of this result.
Lemma 3.1. Let A ⊂ X be a q-compact set in the finite dimensional asymmetric normed space (X, q). Then the convex hull conv(A) is also q-compact.
Proof. Let n be the (algebraic) dimension of X. We apply Carathéodory's Theorem ([18, Theorem 2. On the other hand, the topological product A n+1 is also compact since A is compact. Now, let us consider the n-dimensional simplex
If we equip ∆ with the Euclidean topology, it becomes a compact space. Now, let ϕ : A n+1 × ∆ → conv(A) be the natural map defined by
Clearly ϕ is an onto function. Now observe that ϕ is continuous since the addition is continuous in X ([7, Proposition 1.1.40]) and the scalar multiplication by positive numbers is also continuous (Lemma 2.1). Using the fact that A n+1 × ∆ is compact we can then conclude that conv(A) is also compact.
Lemma 3.2. Let A be a strongly compact set in the finite dimensional asymmetric normed space (X, q). Then conv(A) is also strongly compact. 
Since conv(K) + θ q is a convex set containing K + θ q , we conclude that conv(K + θ q ) ⊂ conv(K) + θ q and therefore
This proves that conv(A) is strongly compact.
Lemma 3.3. Let A be a strongly compact set in a finite dimensional asymmetric normed space (X, q). Then the q s -closure of A is also strongly compact.
Proof. Let K ⊂ X be a q s -compact set such that K ⊂ A ⊂ K + θ q . For any B ⊂ X, let us denote by B s the q s -closure of B. Then we have that
Since Proof. Let U be a q-compact neighbourhood of the origin. Then there exist ε > 0 and κ > 0 such that 
Now let p be defined as the gauge functional of A. Namely,
Since A is absorbent, convex and does not contain any line, p defines an asymmetric norm such that B p 1 [0] = A (see [7, 9] ). Furthermore, by (2) p is equivalent to q. Since A is q-compact, it is also p-compact and all the closed balls B 
Strong local compactness
The aim of this section is to analyze the boundedness properties of strong locally compact asymmetric spaces. As we said in the Introduction, right bounded spaces have not necessarily compact unitary balls. Indeed, let us start with the following example, which is a counterexample to [ Proof. Let X = R 2 . Define the set A ⊂ X as follows
Let q : X → [0, ∞) be defined as the gauge functional of A. Namely
Clearly q is an asymmetric norm in X such that A = B Proof. For the first implication just consider q = q p and properties (p4) and (p7). The second implication follows directly from Lemma 2.5 Proposition 4.6. Let (X, p) be a finite dimensional asymmetric normed space. If the origin has a strongly compact neighborhood, then p is right bounded.
Proof. By Proposition 3.4, we can find an equivalent norm q such that B q 1 [0] is strongly compact. Then there exists a q s -compact set K ⊂ X such that
Since X is finite dimensional we have that q s and p s are equivalent norms, then K is p s compact and we can find a > 0 such that K ⊂ aB p s 1 . On the other hand, since q is equivalent to p, there exists b > 0 with bB Proof. The part (1) ⇐⇒ (2) was already proved in Lemma 4.5.
Implication (2) =⇒ (3) follows from Lemma 4.3. Finally, implication (3) =⇒ (4) is obvious and (4) =⇒ (1) was proved in Proposition 4.6.
We finish this section by giving a useful characterization of equivalent right bounded asymmetric norms. 
On the other hand, since X is finite dimensional, the norms q s and q ′s are equivalent and therefore we can find µ > 0 and λ > 0 with the property that µB
. Since θ p = θ p ′ we can use property (p5) to infer that θ q = θ q ′ . Thus
, we conclude that q and q ′ are equivalent. Now, since p and p ′ are right bounded, they are equivalent to q and q ′ (by property (p4)), respectively, and therefore p and p ′ are also equivalent.
Right boundedness and the geometry of the unitary ball
Let us finish the paper by exploring the relation among right boundedness, compactness and the geometry of the unitary closed ball in a finite dimensional asymmetric normed space.
In [16] it was proven that the convex hull of the extreme points of a compact convex set in an asymmetric normed space defines the topology of the set. In this section we will use the techniques used there to understand the relation among the geometry and the topology of the unitary closed balls in finite dimensional asymmetric normed spaces.
Given a convex set K in an asymmetric normed space (X, q), let us denote by E(K) the extreme points 1 of K + θ q , and by S(K) the convex hull of E(K).
First, it is interesting to note compactness of the set E(K) is not a necessary condition to guarantee the compactness of a convex set K. For example, consider the the asymmetric lattice norm (R 2 , p) defined in Remark 4.2. Then the set
is a strongly compact convex set with an unbounded set E(K).
On the other hand it was proven in [8] that in a finite dimensional asymmetric normed lattice (X, q), all q-compact and q s -closed sets are strongly compact. If the dimension of X is 2, then it is also known (see [15] ) that every q-compact and convex set is strongly compact (even if it is not q sclosed). Nevertheless, not all compact convex sets are strongly compact (the reader can find an example of this in [15] ). After these results, it is natural to ask if in general, a compact convex set of a finite dimensional asymmetric normed space (X, q) is strongly compact if it is q s -closed. Even more, after Theorem 4.7 another natural question arises. On one hand, Theorem 4.7 shows that local compactness of an equivalent norm characterizes right boundedness and strong local compactness. Therefore, we can ask if in general compactness of the unit ball implies strong compactness. The next example solves these two questions negatively. Proof. In order to see this, consider the cylinder C = {(x, y, z) ∈ R 3 | y 2 + z 2 ≤ 1 and x ≤ 1} in R 3 , and let us define
Then p is an asymmetric norm in R 3 , for whom the unitary closed ball is the set C and such that θ p = R. We will define an equivalent norm q : R 3 → [0, ∞) with the required characteristics.
To do that, let us start by defining, for each n ∈ N, the values:
and z n = sin nπ 2(n + 1)
.
And let us consider the sequence (u n ) n∈N in R 3 , where u n = (−n, y n , z n ). Evidently, in the topology τ p , the sequence (u n ) n∈N converges to the point (1, 0, 0), and therefore the set A 1 = {u n | n ∈ N} ∪ {(1, 0, 0)} is p-compact.
On the other hand, the set A 2 = {(1, y, z) ∈ R 3 | |y| + |z| ≤ 1} is clearly p s -compact and therefore it is also p-compact. Thus A 1 ∪A 2 is compact. Let A = conv(A 1 ∪A 2 ). By Lemma 3.1, A is compact and therefore A+θ p is also compact (Property (O2) ). Therefore we can use [16, Lemma 3.2] in order to conclude that B := A s is a p s -closed p-compact convex set. Furthermore, the set B satisfies
as the gauge functional over B. Namely
Clearly B is the closed unitary ball with respect to q and θ q = R = θ p . Property (2) implies that q is equivalent to p. In particular, since p is obviously right bounded, we also get that q is right bounded (by Lemma 2.5). By the same reason, since B is p-compact it is also q-compact, as desired. It just remains to prove that B is not strongly compact. For that purpose, suppose the opposite. Then we can find a q s -compact set K such that K ⊂ B ⊂ K + θ q . Since B is convex, we can use Lemma 3.1 in order to assume without any loss of generality that the set K is convex. We can also observe that
and therefore B = K + θ q . Now, by [16, Theorem 4 .1] the set of extreme points E(B) is contained in K. Since every point in the set A 1 is an extreme point of B, we infer that A 1 ⊂ K. In particular, we get that A 1 is q sbounded, which is a contradiction.
In particular this gives the existence of q s -closed convex sets in finite dimensional asymmetric normed spaces that are compact but not strongly compact (c.f. [8] ). Example 5.1 also shows that there is a compact unitary closed ball of an asymmetric normed space of dimension 3 such that the set of its extreme points E(B
In what follows we show that some positive results can also be found on the relation among extreme points and right boundedness.
Other results on the behavior of asymmetric norms in finite dimensional spaces can be proven using the tools developed above. [0] is parallel to some ray contained in θ q . Then we can find a 1 , . . . , a n , a n+1 , . . . , a p ∈ E(B Proof. Since q is 1-bounded, the set B 2 An open half line R = {a + tb | a, b ∈ X, t > 0} is called an extreme ray of A if y, z ∈ R whenever λy + (1 − λ)z ∈ R, where y, z ∈ A and λ ∈ (0, 1). In this case, if R is an extreme ray and the extreme a lies in A, then a is an extreme point of A. 
